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RIGIDITY OF MINMAX MINIMAL SPHERES IN
THREE-MANIFOLDS
FERNANDO C. MARQUES AND ANDRE´ NEVES
Abstract. In this paper we consider minmax minimal surfaces in three-
manifolds and prove some rigidity results. For instance, we prove that
any metric on a 3-sphere which has scalar curvature greater than or
equal to 6 and is not round must have an embedded minimal sphere
of area strictly smaller than 4pi and index at most one. If the Ricci
curvature is positive we also prove sharp estimates for the width.
1. Introduction
Let M be a compact Riemannian three-manifold. It is well-known that
lower bounds on the scalar curvature of M give some information on the
space of minimal surfaces. Several rigidity theorems have been obtained
assuming the existence of an area-minimizing surface of some kind (for in-
stance [3], [4], [8], [14], [28], [37], or the recent survey [5]), but no known
result asserts rigidity under the presence of a minimal surface produced by
min-max methods. In this paper we prove theorems in that direction.
Let g be a metric on the three-sphere S3. Before we state our first theo-
rem, we introduce the definition of width. We start with the family {Σt} of
level sets of the height function x4 : S
3 ⊂ R4 → R, i.e.,
Σt = {x ∈ S3 : x4 = t}
for t ∈ [−1, 1]. Then we define Λ to be the collection of all families {Σt}
with the property that Σt = Ft(Σt) for some smooth one-parameter family
of diffeomorphisms Ft of S
3, all of which isotopic to the identity. The width
of (S3, g) is the min-max invariant
W (S3, g) = inf
{Σt}∈Λ
sup
t∈[−1,1]
|Σt|,
where |Σ| denotes the surface area of Σ.
We prove (Theorem 4.9):
Theorem 1.1. Let g be a metric of positive Ricci curvature on S3, with
scalar curvature R ≥ 6. There exists an embedded minimal sphere Σ, of
index one, such that
W (S3, g) = |Σ| ≤ 4pi.
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The equality W (S3, g) = 4pi holds if and only if g has constant sectional
curvature one.
The proof of the rigidity statement uses short-time existence for Hamil-
ton’s Ricci flow and the Maximum Principle, in the same spirit as in [3].
Connections between Ricci flow and the theory of minimal surfaces have
been previously considered in [18] and [12].
Remark. It is interesting to compare Theorem 1.1 with the rigidity proven
by Llarull [24] (any distance increasing deformation of the round sphere
decreases scalar curvature somewhere).
Simon and Smith [39] proved that any metric on S3 admits an embedded
minimal sphere (see [22] and [44] for related results). For metrics of positive
scalar curvature, we have (Theorem 4.10):
Theorem 1.2. Let g be a metric on S3 with scalar curvature R ≥ 6. If g
does not have constant sectional curvature one, then there exists an embedded
minimal sphere Σ, of index zero or one, with |Σ| < 4pi.
Remark. Toponogov [41] proved that the length of any simple closed geodesic
contained in a two-sphere with scalar curvature R ≥ 2 is at most 2pi. See
[19] for a different proof. It is not difficult to see that there is no such
bound for the area of a minimal sphere (consider a long piece of a cylinder
around the x1 axis in R4, capped at both ends in such a way that R ≥ 6 and
the intersection with the {x2 = 0} hyperplane is a minimal sphere). Thus
Theorem 1.2 can be seen as an analogue of Toponogov Theorem.
The search for scalar curvature rigidity results for the standard sphere is
motivated by the Positive Mass Theorems in both the Euclidean ([35], [45])
and the hyperbolic ([10], [42], see also [2], [25]) settings. In [6], Brendle,
Marques and Neves constructed smooth metrics on the hemisphere Sn+, if
n ≥ 3, that coincide with the standard metric near the equator ∂Sn+, the
scalar curvature satisfies R ≥ n(n − 1) everywhere, and R > n(n − 1)
somewhere. These metrics are counterexamples to the so-called Min-Oo’s
Conjecture [26], which was a natural proposal for a Positive Mass Theorem
in the spherical setting. The theorems we prove in this paper are reminiscent
of this conjecture.
When the ambient manifold is not a sphere, we prove some existence and
rigidity theorems assuming the Ricci curvature is positive (Theorem 4.8):
Theorem 1.3. Let g be a metric of positive Ricci curvature on M = S3/Γ,
with scalar curvature R ≥ 6. If (M, g) is not isometric to the standard
sphere, then there exists an embedded minimal surface Σ, of index zero or
one, with |Σ| < 4pi.
The surface Σ is either non-orientable with |Σ| ≤ 2pi or orientable and
constructed by min-max methods. The proof of Theorem 1.3, including
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the area estimate, is based on Hamilton’s convergence theorem [17] for the
Ricci flow of three-manifolds with positive Ricci curvature. Nonetheless, we
conjecture that the assumption of positive Ricci curvature in Theorem 1.3
is not necessary.
Finally, it follows from the work of Pitts [29] that any compact Riemann-
ian three-manifold M admits an embedded minimal surface (compact). The
techniques of this paper give some extra geometric information on the sur-
face. If M is orientable, for instance, we prove that the minimal surface can
be chosen to have index less than or equal to one (Corollary 3.7).
Acknowledgements: The authors thank Hossein Namazi for many use-
ful discussions.
2. Minmax Minimal surfaces
Let M be a compact Riemannian three-manifold, possibly with boundary.
We begin with some definitions. The 2-dimensional Hausdorff measure of
Σ ⊂M will be denoted by H2(Σ). If Σ is a surface, then H2(Σ) equals the
area |Σ| of Σ. The surfaces in this paper will be assumed to be connected
and closed, unless otherwise indicated.
Let I = [a, b] ⊂ R be a closed interval. Let {Σt}t∈I be a family of closed
subsets of M with finite H2-measure such that
(c1) H2(Σt) is a continuous function of t ∈ I,
(c2) Σt converges to Σt0 , in the Hausdorff topology, as t→ t0.
We say that {Σt} is a generalized family of surfaces (or a sweepout) if
there are finite sets T ⊂ I and P ⊂M such that:
(a) if t ∈ I \ T then Σt is a surface in M ,
(b) if t ∈ T then either Σt \ P is a surface in M or else H2(Σt) = 0,
(c) Σt varies smoothly in [0, 1] \ T ,
(d) if t ∈ T and H2(Σt) 6= 0, then Στ converges smoothly to Σt in M \P
as τ → t.
Remark. Conditions (b) and (d) are stated slightly differently from the cor-
responding conditions in Definition 0.5 of [13] in order to allow Σt to be a
graph for some t ∈ T . Because the area of such Σt is zero, all results in [13]
carry through without having to modify their proofs.
Let Λ be a collection of generalized families of surfaces. We denote by
Diff0 the set of diffeomorphisms of M which are isotopic to the identity map.
If ∂M 6= ∅ we require the isotopies to leave some neighborhood of ∂M fixed.
The set Λ is saturated if given a map ψ ∈ C∞(I×M,M) such that ψ(t, ·) ∈
Diff0 for all t ∈ I, and a family {Σt}t∈I ∈ Λ, we have {ψ(t, ·)(Σt)}t∈I ∈ Λ.
We require also the existence of N0 = N0(Λ) > 0 such that the set P has at
most N0 points for any {Σt}t∈I ∈ Λ.
The width of M associated with Λ is defined to be
W (M,Λ) = inf
{Σt}∈Λ
sup
t∈I
H2(Σt).
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Now suppose that ∂M 6= ∅ and that ∂M is connected. We denote the
mean curvature of the boundary by H(∂M). Here the convention is that the
mean curvature vector is −H(∂M)ν, where ν is the outward unit normal.
In this case we choose I = [0, 1] and require the extra condition that any
{Σt}t∈[0,1] ∈ Λ satisfies
(c3) Σ0 = ∂M , Σt ⊂ int(M) for t > 0, and {Σt} foliates a neighborhood
of ∂M . This last condition means that there exists a smooth function
w : [0, ε0]× ∂M → R, satisfying w(0, x) = 0 and ∂w∂t (0, x) > 0, such
that
Σt = {expx(−w(t, x)ν(x)) : x ∈ ∂M}
for any t ∈ [0, ε0].
The goal of this section is to prove:
Theorem 2.1. Let (M, g) be a compact three-manifold with connected bound-
ary such that H(∂M) > 0. For any saturated set Λ with W (M,Λ) > |∂M |,
there exists a min-max sequence obtained from Λ that converges in the var-
ifold sense to an embedded minimal surface Σ (possibly disconnected) con-
tained in the interior of M . The area of Σ is equal to W (M,Λ), if counted
with multiplicities.
Proof. A minimizing sequence is a sequence of families {Σnt } ∈ Λ such that
lim
n→∞ supt∈I
H2(Σnt ) = W (M,Λ).
A min-max sequence is then a sequence of slices Σntn , tn ∈ I, such that
H2(Σntn)→W (M,Λ) as n→∞.
We now argue that it suffices to show that we can find a minimizing
sequence {Σnt } ∈ Λ, a > 0, and δ > 0 such that
|Σnt | ≥W (M,Λ)− δ ⇒ d(Σnt , ∂M) ≥ a/2.
The first thing to do is to modify the pull-tight procedure of [11, Proposition
4.1] so that it fixes not only the stationary varifolds, but also those varifolds
with mass bounded above by W (M,Λ) − δ. The pull-tight can be defined
for varifolds in some closed extension (Mˆ, gˆ) of (M, g). We can also require
that the vector fields χV involved in the construction of [11, Proposition
4.1] satisfy ||χV ||L∞ ≤ a/4. If we apply this pull-tight procedure to {Σnt },
we obtain another minimizing sequence {Γnt } ∈ Λ so that every min-max
sequence Γnsn converges to a stationary varifold whose support is contained
in {x ∈M : d(x, ∂M) > a/8}.
The second step is to apply [11, Proposition 5.1] to find some subsequence
Γnsn which is almost-minimizing in every annulus centered at a point x ∈
M and having outer-radius smaller than r(x). See [11, Definition 3.2] for
the definition of almost-minimizing sequences. This step follows from [11,
Proposition 5.1] because we can construct the function r so that r(x) < a/16
for every x ∈M . Given a min-max sequence Γnsn , this implies that whenever
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Br(x)(x)∩∂M 6= ∅ we have that Br(x)(x)∩Γnsn = ∅ for all n sufficiently large.
Therefore all arguments of [11, Proposition 5.1] apply.
The third and final step is to prove the regularity of V , the stationary
varifold obtained as the (weak) limit of Γnsn . This can be done exactly as in
[11, Section 6] because all arguments are local and only take place in annular
regions of small radius which do not intersect ∂M .
We can now proceed with the proof. In a neighborhood of ∂M , the metric
can be written as g = dr2 + gr on [0, 2a] × ∂M for some a > 0, where ∂M
is identified with {0} × ∂M . If H(∂M) > 0, we can choose a sufficiently
small so that the mean curvature of Cr = {r} × ∂M is positive for every
r ∈ [0, 2a]. We denote by Mr the complement of [0, r)× ∂M , and by A the
second fundamental form of Cr.
Lemma 2.2. For any {Σt} ∈ Λ and any t0 ∈ (0, 1), there exists a smooth
one-parameter family of diffeomorphisms (Ft)0≤t≤1 of M so that
• F0 = id,
• Ft = id in a neighborhood U of ∂M ,
• |Ft(Σt)| ≤ |Σt|,
• for any t ≥ t0, we have Ft(Σt) ⊂Ma/2.
Proof. Let {Σt} ∈ Λ and t0 ∈ (0, 1). Choose η > 0 sufficiently small so that
η ≤ a/8 and d(Σt, ∂M) ≥ 2η for all t ∈ [t0/2, 1].
If c = supx∈Cr,0≤r≤2a |A|, we choose a non-negative real function φ so
that φ′ ≤ −cφ, φ(r) > 0 for r < a, and φ(r) = 0 for r ≥ a. For instance,
take α to be a nonnegative and non-increasing function with α(r) > 0 for
r < a, α(r) = 0 for r ≥ a, and set φ(r) = α(r) exp(−cr). Now choose κ a
nonnegative function such that κ(r) = 0 for r ≤ η and κ(r) = 1 for r ≥ 2η.
Denote by (F˜t)0≤t<∞ the one-parameter family of diffeomorphisms gen-
erated by the vector field X = κ(r)φ(r) ∂∂r .
Claim. For every surface L ⊂ M2η, the function t → area(F˜t(L)) is
non-increasing. In particular, |F˜t(L)| ≤ |L| if t ≥ 0.
We have
d
dt
area(F˜t(L)) =
∫
F˜t(L)
divF˜t(L)Xdµ.
Thus it suffices to check that for every orthonormal basis {e1, e2} we have∑2
i=1〈∇eiX, ei〉 ≤ 0. Notice that κ ≡ 1 in M2η and F˜t(L) ⊂ M2η for all
t ≥ 0. Without loss of generality we can assume that e1 is orthogonal to ∂∂r .
We denote by e∗1 a unit vector tangent to Cr and orthogonal to e1. Direct
computation shows that ∇ ∂
∂r
∂
∂r = 0 and thus, denoting by pi the projection
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of a tangent vector in M into the tangent space at Cr, we get
2∑
i=1
〈∇eiX, ei〉 = φ′
〈
e2,
∂
∂r
〉2
+ φ
2∑
i=1
〈
∇ei
∂
∂r
, ei
〉
= φ′
〈
e2,
∂
∂r
〉2
− φ
2∑
i=1
A(pi(ei), pi(ei))
=
(
φ′ +A(e∗1, e
∗
1)φ
)〈
e2,
∂
∂r
〉2
− φH
≤ (φ′ + cφ)
〈
e2,
∂
∂r
〉2
− φH
≤ 0.
This proves the claim.
Notice that F˜t is the identity in Ma and limt→∞ F˜t(r, x) = (a, x) for all
x ∈ ∂M and 2η ≤ r < a. Let T > 0 be such that F˜T (C2η) = Ca/2. We
choose a smooth nonnegative function h : [0, 1] → R such that h(t) = 0 for
t ≤ t0/2 and h(t) = T for t ≥ t0.
Define Ft = F˜h(t). Hence F0 = F˜0 = id. The second item of the lemma
follows because X = 0 outside Mη. In order to prove the third item we
recall that if t ≥ t0/2 then Σt ⊂ M2η. Hence it follows from the claim
that |Ft(Σt)| ≤ |Σt|. If t ≤ t0/2 the inequality is trivial since we have that
h(t) = 0 and Ft = id. Finally, if t ≥ t0 we have Ft = F˜T . In that case, since
Σt ⊂ M2η, we conclude that Ft(Σt) ⊂ F˜T (M2η) = Ma/2. This finishes the
proof of the fourth item and of the lemma. 
We can now finish the argument. Let m0 = W (M,Λ) and choose 0 < δ <
1
2(m0 − |∂M |).
Let {Σt} ∈ Λ. There exists ε > 0 such that the map Ψ : [0, 2ε] ×
∂M → M given by Ψ(t, x) = expx(−w(t, x)ν(x)) is a diffeomorphism onto
a neighborhood of ∂M . We can choose ε sufficiently small so that |Σt| ≤
|∂M | + δ for t ∈ [0, 2ε]. By choosing t0 = ε in Lemma 2.2, we obtain a
family of generalized surfaces {Σ′t} ∈ Λ, given by Σ′t = Ft(Σt), such that
• supt∈[0,1]H2(Σ′t) ≤ supt∈[0,1]H2(Σt),
• if |Σ′t| ≥ m0 − δ, then Σ′t ⊂Ma/2.
This means that we can restrict to minimizing sequences {Σnt } ∈ Λ such
that
|Σnt | ≥ m0 − δ ⇒ d(Σnt , ∂M) ≥ a/2,
and this concludes the proof. 
3. Genus and Index
From this point on (M, g) will denote a compact orientable Riemannian
three-manifold without boundary. The genus of a surface Σ′ ⊂ M will be
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indicated by g(Σ′). Let Σ ⊂ M be an embedded minimal surface. If Σ is
orientable, the Jacobi operator is given by
Lφ = ∆φ+ |A|2φ+ Ric(ν, ν)φ,
where φ ∈ C∞(Σ), A is the second fundamental form, and ν is a unit normal
vector. If Σ is non-orientable, we need to pass to the double cover Σ˜ and
restrict L to the functions φ ∈ C∞(Σ˜) that satisfy φ ◦ τ = −φ, where
τ : Σ˜ → Σ˜ is the orientation-reversing involution such that Σ = Σ˜/{id, τ}.
The index of Σ, denoted by ind(Σ), is the number of negative eigenvalues
of L, counted with multiplicity. (We adopt the convention that λ ∈ R is an
eigenvalue of L if Lφ+ λφ = 0 for some nontrivial smooth function φ).The
surface Σ is called stable if ind(Σ) = 0.
The next result will be useful in proving that certain minmax minimal
surfaces have index one. Throughout the rest of the paper, we will only
consider saturated sets Λ such that no sweepout {Σt} in Λ contains a non-
orientable surface.
Proposition 3.1. Let Λ be a saturated set of generalized families of surfaces,
and let (Σt)−1≤t≤1 ∈ Λ be a sweepout such that
(a) |Σt| < |Σ0| for all t 6= 0,
(b) (Σt)−1≤t≤1 is smooth around t = 0,
(c) the function f(t) = |Σt| satisfies f ′′(0) < 0.
If
|Σ0| = W (M,Λ, g),
then Σ0 is an embedded minimal surface of index one.
Proof. We argue first that Σ0 must be a minimal surface. If not, we can
consider an ambient vector field X vanishing outside a tubular neighbor-
hood of Σ0 and identical to the mean curvature vector on Σ0. Denote by
(Fs)s∈R the one parameter family of diffeomorphisms generated by X and
set f(t, s) = |Fs(Σt)|. We have ∂f∂t (0, 0) = 0 and ∂f∂s (0, 0) < 0. Because
t 7→ f(t, 0) has a unique global maximum at t = 0, we can find δ small and
positive so that f(t, δ) < f(0, 0) for all t, which is a contradiction because
the sweepout (Fδ(Σt))−1≤t≤1 is in Λ.
It remains to show that Σ0 has index one. Notice that the condition (c)
implies ind(Σ0) ≥ 1.
Choose a unit normal vector field ν, along Σ0, and let φ0 ∈ C∞(Σ0)
be such that the deformation vector of Σt when t = 0 is Z = φ0ν. If
the index of Σ0 is bigger than one, we can choose orthogonal eigenfunctions
φ1, φ2 ∈ C∞(Σ0) for the Jacobi operator L with negative eigenvalues. There
exists a linear combination of φ1 and φ2, say φ3, so that
(1)
∫
Σ0
φ3Lφ0dµ = 0 and φ3 6= 0.
Consider the normal vector field X˜ = φ3ν and extend it smoothly to be
zero outside a small tubular neighborhood of Σ0. Denote by (F˜s)s∈R the
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one parameter family of diffeomorphisms generated by X˜ and set f˜(t, s) =
|F˜s(Σt)|. We have ∇f˜(0, 0) = 0 (by minimality), ∂2∂s∂t f˜(0, 0) = 0 (by (1)),
∂2
∂t∂t f˜(0, 0) < 0 (by assumption), and
∂2
∂s∂s f˜(0, 0) < 0 (by the choice of φ3).
From the Taylor expansion of f˜ around (0, 0), and the fact that t 7→ f(t, 0)
has a unique global maximum at t = 0, we can find δ small and positive so
that f(t, δ) < f(0, 0) for all t, which is a contradiction.

An orientable surface Σ is a Heegaard splitting if M \Σ has two connected
components that are both handlebodies, i.e., diffeomorphic to a solid ball
with handles attached. The Heegaard genus of M is the lowest possible
genus of a Heegaard splitting of M .
Given an integer h ≥ 0, we denote by Eh the collection of all connected
embedded minimal surfaces Σ ⊂ M with g(Σ) ≤ h. It is said that (M, g)
satisfies the (?)h -condition if
• M does not contain embedded non-orientable surfaces,
• no surface in Eh is stable.
Remark. If (M, g) has positive Ricci curvature and does not contain embed-
ded non-orientable surfaces, then M satisfies the (?)h-condition for all h.
Lens spaces L(p, q) with odd p (see [7]) and the Poincare´ homology sphere
are some examples.
Lemma 3.2. Assume (M, g) satisfies the (?)h -condition. Then any surface
Σ ∈ Eh is a Heegaard splitting.
The version we state here was essentially proven in [27] (see also [23]).
Proof. Let Σ ∈ Eh. We first argue that Σ must separate. Because M
is orientable and Σ is connected, M \ Σ consists of one or two connected
components. In the first case, we can choose φ ∈ C∞(Σ) an eigenfunction
for the lowest eigenvalue λ of the Jacobi operator L. Note that λ < 0,
because Σ is unstable. Consider a vector field X in M such that X = φν
on Σ, where ν is a unit normal vector to Σ, and denote by (Ft)t∈R the flow
generated by X. Because φ can be taken to be strictly positive and Σ does
not separate we have that, for all t sufficiently small,
M \ (Ft(Σ) ∪ F−t(Σ)) = At ∪Bt
where At, Bt are two disjoint and connected open regions with Σ ⊂ Bt.
Moreover, from [21, Theorem 3.2],
∂
∂t
〈 ~H(Ft(Σ)), νt〉|t=0 = Lφ = −λφ > 0,
where νt denotes the unit normal vector to Ft(Σ). Hence we have that for
sufficiently small t the mean curvature vector of ∂At points into At, i.e.,
∂At is mean convex. Thus we can minimize area in the isotopy class of one
of the boundary components of ∂At, as in [27] (see also [20]), to obtain an
embedded stable minimal surface in At. The genus of this surface is at most
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h, contradicting the definition of the (?)h-condition. Therefore M \ Σ is a
union of two connected components.
It remains to prove that each connected component is a handlebody. Let
N be such a component. If N is not a handlebody, and since Σ = ∂N is an
unstable minimal surface, we can minimize area in its isotopy class to obtain
a stable minimal surface in the interior of N with genus less than or equal
to h (see Proposition 1 of [27] for a characterization of handlebodies). This
again violates the (?)h-condition, and finishes the proof of the lemma. 
Lemma 3.3. If (M, g) satisfies the (?)h -condition, then any Σ ∈ Eh must
intersect every other embedded minimal surface.
Proof. Suppose that Σ1 and Σ2 are disjoint embedded minimal surfaces,
with Σ1 ∈ Eh. Because Σ1 is a Heegaard splitting, there is a region B
of M , homeomorphic to a handlebody, such that Σ2 ⊂ B and Σ1 = ∂B.
Therefore there is a region C of M such that ∂C = Σ1 ∪Σ2. It follows from
the results of [27] that we can minimize area in the isotopy class of Σ1 to
obtain an embedded stable minimal surface of genus less than or equal to h
in C. This is in contradiction with the assumption that (M, g) satisfies the
(?)h-condition. The lemma follows. 
If Σ is a Heegaard splitting of M , then there is a natural class of sweepouts
(Σt)−1≤t≤1 we can associate to Σ. Each (Σt)−1≤t≤1 satisfies
• Σ0 = Σ and Σt is an embedded surface isotopic to Σ for all −1 <
t < 1;
• if N1, N2 denote the connected components of M \Σ then (Σt)−1≤t≤0
(or (Σt)0≤t≤1) foliate N1 (or N2) with Σ−1 (or Σ1) being a graph.
This class generates a saturated set ΛΣ of generalized families of surfaces
which we call the saturated set associated with Σ. If the genus of Σ is h, the
large saturated set associated with Σ, denoted by Λh, is defined to be the
union of all saturated sets associated with Heegaard splittings of genus h.
Theorem 3.4. Suppose (M, g) satisfies the (?)h -condition, where h is the
Heegaard genus of M . There exists an orientable embedded minimal surface
Σ0, of genus h, such that
|Σ0| = inf
S∈Eh
|S| = W (M,ΛΣ0) = W (M,Λh).
Moreover, Σ0 has index one and is contained in a sweepout (Σt)−1≤t≤1 ∈ ΛΣ0
with
(a) |Σt| < |Σ0| for all t 6= 0,
(b) (Σt)−1≤t≤1 is smooth around t = 0,
(c) the function f(t) = |Σt| satisfies f ′′(0) < 0.
Proof. From [29] we know that (M, g) admits at least one embedded minimal
surface. Therefore we can consider h′ to be the lowest possible genus of an
embedded minimal surface in M . Standard compactness of minimal surfaces
(for instance, Theorem 3 of [43] or Theorem 4.2 of [1]) implies we can find a
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minimal surface Σ0 of genus h
′ which has smallest area among all embedded
minimal surfaces with genus h′ . Hence
|Σ0| = inf
S∈Eh′
|S|.
We now argue that h′ = h. Let Σ be a Heegaard splitting of M which has
lowest possible genus h, and consider Λ the saturated set associated with
Σ. From Theorem 0.6 of [13] we know that W (M,Λ, g) is achieved by a
disjoint union of embedded minimal surfaces of genus at most h with possible
multiplicities (there are no non-orientable minimal surfaces). Because M
satisfies the (?)h -condition, there can be only one component Σ
∗ by Lemma
3.3. Note that Σ∗ must be orientable. Hence h′ ≤ g(Σ∗) ≤ h. Since
g(Σ0) = h
′, it follows from Proposition 3.2 that Σ0 is a Heegaard splitting.
Therefore we also have h ≤ h′. Hence h = h′.
Now:
Lemma 3.5.
|Σ0| = W (M,ΛΣ0) = W (M,Λh).
Moreover, Σ0 has index one and is contained in a sweepout (Σt)−1≤t≤1 ∈ ΛΣ0
such that
(a) |Σt| < |Σ0| for all t 6= 0,
(b) (Σt)−1≤t≤1 is smooth around t = 0,
(c) the function f(t) = |Σt| satisfies f ′′(0) < 0.
Proof. From Lemma 3.2 we know that M \ Σ0 is the disjoint union of two
handlebodies: N1 and N2. Set φ ∈ C∞(Σ0) to be an eigenfunction for the
lowest eigenvalue λ < 0 of the Jacobi operator L, and consider a vector field
X in M such that X = φν on Σ0, where ν is a unit normal vector pointing
into N1. Denote by (Ft)t∈R the flow generated by X. Because φ can be
taken to be strictly positive we have
(2)
∂
∂t
〈 ~H(Σt), ν〉|t=0 = Lφ = −λφ > 0.
Hence there exists ε > 0 small enough so that
• Σt = Ft(Σ) is contained in N1 (in N2) for all 0 < t < ε (for all
−ε < t < 0),
• the mean curvature vector H(Σt) points into N1 (into N2) for all
0 < t < ε (for all −ε < t < 0),
• |Σt| < |Σ| for all 0 < |t| < ε.
The surface Σε bounds a handlebody N and so we can consider a sweepout
{Σ˜t}t∈[0,1] of N such that Σ˜t = Σt+ε for small t. Denote the corresponding
set of saturated families of N by Λ˜. If W (N, Λ˜) > |∂N | we can apply
Theorem 2.1 (because H(∂N) > 0) and derive the existence of a minimal
surface Σ1 in the interior of N , and thus disjoint from Σ0. This contradicts
Lemma 3.3. Since |∂N | < |Σ|, we can find {Σ˜t} ∈ Λ˜ so that
sup
0≤t≤1
|Σ˜t| < |Σ|.
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Arguing in the same way for Σ−ε we conclude the existence of a sweepout
(Σt)−1≤t≤1 of M satisfying properties (a) and (b). Property (c) follows
because from (2) we obtain
f ′′(0) = −
∫
Σ0
φLφdµ = λ
∫
Σ0
φ2dµ < 0.
Suppose that W (M,ΛΣ0 , g) < |Σ0|. Then, by Theorem 0.6 of [13], there
is an embedded minimal surface S with |S| < |Σ0| and g(S) ≤ g(Σ0) (S
has to be orientable). This is a contradiction since Σ0 has least area in Eh.
Hence |Σ0| = W (M,ΛΣ0), and similarly we prove |Σ0| = W (M,Λh). The
fact that Σ0 has index one follows from Proposition 3.1. 
The statement of the theorem follows directly from the previous lemma.

If M contains a non-orientable embedded surface, set h˜ to be the lowest
genus of a non-orientable surface embedded in M , i.e., there is an embedding
of Nh˜ (the non-orientable surface with genus h˜) into M and every non-
orientable embedded surface in M has genus greater than or equal to h˜.
We denote by F the set of all embedded surfaces Σ in M homeomorphic
to Nh˜. From Lemma 1 of [27] we have that non-orientable surfaces can not
have arbitrarily small area.
We define
A(M, g) = inf{|S| |S ∈ F}.
The next proposition follows from simple modifications of Proposition 5 in
[3]. We include the proof for the sake of completeness.
Proposition 3.6. For every metric g on M there exists an embedded stable
minimal surface Σ ∈ F with |Σ| = A(M, g).
Proof. We can find a sequence of surfaces Σk ∈ F such that
|Σk| ≤ A(M, g) + εk,
where εk → 0 as k →∞. This implies
|Σk| ≤ inf
Σ∈J (Σk)
|Σ|+ εk,
where J (Σk) denotes the collection of all embedded surfaces isotopic to Σk.
By Theorem 1 of [27], a subsequence of the sequence Σk converges weakly to
a disjoint union of smooth embedded minimal surfaces Σ(1), . . . ,Σ(R) with
positive integer multiplicities and, in particular, we have
(3)
R∑
j=1
nj |Σ(j)| ≤ A(M, g).
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We define surfaces S
(1)
k , . . . , S
(R)
k as follows: if nj = 2mj is even, then S
(j)
k
is defined by
S
(j)
k =
mj⋃
r=1
{
x ∈M : d(x,Σ(j)) = r
k
}
On the other hand, if nj = 2mj + 1 is odd, then S
(j)
k is defined by
S
(j)
k = Σ
(j) ∪
mj⋃
r=1
{
x ∈M : d(x,Σ(j)) = r
k
}
.
By Remark 3.17 of [27], we can find embedded surfaces S
(0)
k and Σ˜k with
the following properties:
(i) The surface Sk =
⋃R
j=0 S
(j)
k is isotopic to Σ˜k if k is sufficiently large.
(ii) The surface Σ˜k is obtained from Σqk by γ0-reduction (cf. [27, Section
3]).
(iii) We have S
(0)
k ∩
(⋃R
j=1 S
(j)
k
)
= ∅. Moreover, |S(0)k | → 0 as k →∞.
(iv) genus(Σ˜k) ≤ genus(Σqk) = h˜ by [27, Inequality (3.2)].
By assumption, Σqk is homeomorphic to Nh˜, and Σ˜k is obtained from Σqk
by γ0-reduction. Consequently, one of the connected components of Σ˜k is an
embedded non-orientable surface which, by (iv), must have genus less than
or equal to h˜ and thus is homeomorphic to Nh˜. Hence, if k is sufficiently
large, then one of the connected components of Sk is homeomorphic to Nh˜.
Let us denote this connected component by Ek. Since Ek ∈ F , we have
|Ek| ≥ A(M, g) > 0. On the other hand, we have |S(0)k | → 0 as k → ∞.
Putting these facts together, we conclude that |Ek| > |S(0)k | if k is sufficiently
large. Hence, if k is sufficiently large, then Ek cannot be contained in S
(0)
k .
Since Ek ⊂ Sk is connected, it follows that Ek is a connected component of
S
(i)
k for some integer i ∈ {1, . . . , R}. Hence, Ek is either homeomorphic to
Σ(i) or to an oriented double cover of Σ(i). The last case cannot happen and
thus Σ(i) ∈ F . Moreover, it follows from (3) that |Σ(i)| ≤ A(M, g). Hence,
the surface Σ(i) is the desired minimizer. 
In order to state the next result, we adopt the following notation. If
M does not admit non-orientable embedded surfaces, we set h˜ to be the
Heegaard genus h of M . Otherwise we set h˜ to be the lowest possible genus
among all non-orientable embedded surfaces in M , as above.
Corollary 3.7. Let (M, g) be a compact orientable three-manifold. There
exists an embedded minimal surface Σ ⊂M with ind(Σ) ≤ 1 and g(Σ) ≤ h˜.
Proof. If M admits non-orientable embedded surfaces the result follows from
Proposition 3.6. Therefore we can assume that every embedded surface of
M is orientable. If M admits stable minimal surfaces of genus less than
or equal to h the result follows immediately. The remaining case is when
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the ambient manifold satisfies the (?)h-condition, in which case the result
follows from Theorem 3.4. 
Corollary 3.8. Assume M = S3. Then there exists an embedded minimal
sphere Σ in M of index at most one.
Remark. A consequence of Pitts’ work [29] is that every 3-manifold admits
an embedded minimal surface. Corollary 3.7 gives some extra geometric
information on the minimal surface. In [30], the authors claimed, without a
proof, an index and genus estimate from which Corollary 3.7 would follow.
A related genus estimate was recently proven in [13].
4. Ricci flow and rigidity results
Let Λ be a saturated set of generalized families of surfaces.
We consider g(t), t ∈ [0, T ), a smooth solution to Ricci flow
∂
∂t
g(t) = −2Ric(g(t))
with g(0) = g. We remark that Ricci flow was also the main ingredient to
obtain the rigidity results of [3].
Lemma 4.1. The function t 7→W (M,Λ, g(t)) is Lipschitz continuous.
Proof. Let t0 ∈ [0, T ), and choose C > 0 such that supM |Ric(g(t))|g(t) ≤ C
for all t ∈ [0, t0]. Hence
e−2C|t1−t2| g(t1) ≤ g(t2) ≤ e2C|t1−t2| g(t1)
for all t1, t2 ∈ [0, t0].
Given δ > 0, let (Σs)s∈[−1,1] denote a sweepout such that
sup
s∈[−1,1]
H2g(t1)(Σs) ≤W (M,Λ, g(t1)) + δ.
Now,
W (M,Λ, g(t2)) ≤ sup
s∈[−1,1]
H2g(t2)(Σs) ≤ e2C|t1−t2| sup
s∈[−1,1]
H2g(t1)(Σs)
≤ e2C|t1−t2|
(
W (M,Λ, gt1) + δ)
)
.
Letting δ → 0, and reversing the roles of t1 and t2, we obtain
e−2C|t1−t2|W (M,Λ, g(t1)) ≤W (M,Λ, g(t2)) ≤ e2C|t1−t2|W (M,Λ, g(t1))
for all t1, t2 ∈ [0, t0]. The result follows. 
Proposition 4.2. Let h be the Heegaard genus of M and assume (M, g(t))
satisfies the (?)h -condition for all 0 ≤ t < T ′, with T ′ ≤ T . Then
W (M,Λh, g(t)) ≥W (M,Λh, g)−
(
16pi − 8pi
[h
2
])
t
for all 0 ≤ t < T ′.
14 FERNANDO C. MARQUES AND ANDRE´ NEVES
Proof. Suppose the assertion is false. This means that there exists τ ∈ (0, T ′)
such that
W (M,Λh, g(τ)) < W (M,Λh, g)−
(
16pi − 8pi
[h
2
])
τ.
Let ε > 0 be such that
W (M,Λh, g(τ)) < W (M,Λh, g)−
(
16pi − 8pi
[h
2
])
τ − 2ετ,
and define
t′ = inf
{
t ∈ [0, T ′) : W (M,Λh, g(t)) < W (M,Λh, g)
−
(
16pi − 8pi
[h
2
]
+ ε
)
t− ετ
}
.
Clearly, t′ ∈ (0, τ). Moreover, we have
(4) W (M,Λh, g(t′))−W (M,Λh, g(t)) ≤ −
(
16pi − 8pi
[h
2
]
+ ε
)
(t′ − t)
for all t ∈ [0, t′).
Since (M, g(t′)) satisfies the (?)h -condition, we can choose (Σs)s∈[−1,1] as
the sweepout given by Theorem 3.4, with
|Σ0| = W (M,Λh, g(t′)),
and set f(s, t) = |Σs|g(t).
A standard computation using the Gauss equation shows that
∂f
∂t
(0, t′) =
d
dt
|Σ0|g(t)(t′) = −
∫
Σ0
(
R− Ric(ν, ν)
)
dµ
= −4piχ(Σ0)−
∫
Σ0
(
Ric(ν, ν) + |A|2
)
dµ,
where all geometric quantities are computed with respect to g(t′).
From Proposition A.1, part (iii), we obtain
∂f
∂t
(0, t′) ≥ 8pi(h− 1)− 8pi
([h+ 1
2
]
+ 1
)
= −16pi + 8pi
[h
2
]
.
Since f is smooth in a neighborhood of (0, t′), this implies
f(s, t) ≤ f(s, t′)−
(
16pi − 8pi
[h
2
]
+
ε
2
)
(t− t′)
≤ W (M,Λh, g(t′))−
(
16pi − 8pi
[h
2
]
+
ε
2
)
(t− t′)
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for all (s, t) close to (0, t′) with t ≤ t′. Since s → f(s, t′) has a unique
maximum point at s = 0, we conclude by continuity that
sup
s∈[−1,1]
f(s, t) ≤W (M,Λh, g(t′))−
(
16pi − 8pi
[h
2
]
+
ε
2
)
(t− t′)
for all t sufficiently close to t′. This gives
W (M,Λh, g(t)) ≤W (M,Λh, g(t′))−
(
16pi − 8pi
[h
2
]
+
ε
2
)
(t− t′)
for such t, which is in contradiction with inequality (4). This finishes the
proof of the Proposition. 
Corollary 4.3. Suppose (M, g) has positive Ricci curvature, and M con-
tains no non-orientable embedded surface. Let h be the Heegaard genus of
M . Then
W (M,Λh, g(t)) ≥W (M,Λh, g)−
(
16pi − 8pi
[h
2
])
t
for all 0 ≤ t < T .
Proof. Since positive Ricci curvature is preserved by Ricci flow in dimension
three ([17]), we have that (M, g(t)) contains no stable embedded minimal
surface for all 0 ≤ t < T and thus must satisfy the (?)h -condition. The
corollary follows immediately from Proposition 4.2. 
We denote the scalar curvature of (M, g) by R.
Theorem 4.4. Suppose (M, g) has positive Ricci curvature, and M contains
no non-orientable embedded surface. Let h be the Heegaard genus of M . If
R ≥ 6, then
W (M,Λh, g) ≤ 4pi − 2pi
[
h
2
]
≤ 4pi.
Moreover, W (M,Λh, g) = 4pi if and only if g has constant sectional curva-
ture one and M = S3.
Remark. If (M, g) has positive Ricci curvature, it follows from [17] that M is
diffeomorphic to a spherical space form.We note that spherical space forms
are Seifert fibered over a base of genus zero with at most three exceptional
fibers (see [16]). Thus, from [38], these spaces have Heegaard genus at most
2.
Proof. Let (g(t))0≤t<T denote a maximal solution of Ricci flow, with g(0) =
g. From Corollary 4.3 we obtain
(5) W (M,Λh, g(t)) ≥W (M,Λh, g(0))−
(
16pi − 8pi
[
h
2
])
t.
We now argue that
(6) lim
t→T
W (M,Λh, g(t)) = 0.
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This follows because, from Proposition A.1, part (iii), and Theorem 3.4
((M, g) satisfies the (?)h-condition), we have
min
M
R(g(t))W (M,Λh, g(t)) ≤ 24pi + 16pi
(
h
2
−
[
h
2
])
,
and according to Theorem 15.1 of [17] we have
lim
t→T
min
M
R(g(t)) = +∞.
Combining (6) with (5) we obtain
(7) W (M,Λh, g) ≤
(
16pi − 8pi
[
h
2
])
T.
From the evolution equation of the scalar curvature:
∂
∂t
R(gt) = ∆R(gt) +
2
3
R(gt)
2 + 2 |R˚ic|2,
we get
∂
∂t
R(gt) ≥ ∆R(gt) + 2
3
R(gt)
2.
Here R˚ic = Ric − Rg/3. If minM R(g(t1)) = k1, the Maximum Principle
tells us that
(8) min
M
R(g(t)) ≥ 3k1
3− 2k1(t− t1) for all t1 ≤ t < T.
Using the inequality above with t1 = 0 and k1 = 6 we obtain
(9) min
M
R(g(t)) ≥ 6
1− 4t .
Hence T ≤ 1/4 and it follows from inequality (7) that
W (M,Λh, g) ≤ 4pi − 2pi
[
h
2
]
.
If W (M,Λh, g) = 4pi, then we must have T = 1/4 and h = 0 or 1. We
first show that g must be Einstein, therefore of constant curvature. The
expression on the right hand side of (8) must be finite for all t1 ≤ t < 1/4,
hence 3− 2k1(t− t1) > 0 for all t1 ≤ t < 1/4 and so
min
M
R(g(t1)) ≤ 6
1− 4t1
for all 0 ≤ t1 < 1/4. This implies equality in (9) and the Maximum Principle
implies that g must be Einstein.
To conclude that M = S3 it is enough to show that h = 0 because in
that case M contains a minimal embedded sphere and Frankel’s Theorem
[15] implies M is simply connected. If h = 1 then M contains a minimal
embedded torus T which realizes the width and so, by Theorem 3.4, any
other embedded minimal torus must have area bigger than |T | = 4pi. It is a
classical fact that manifolds with Heegaard genus one are either Lens spaces
L(p, q) or S2 × S1 (see [40, Section 8.3.4] or [34, Theorem 1.6]). Thus M
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contains a flat torus of area 2pi2/p < 4pi (projection of Clifford torus) which
is a contradiction. 
If M contains non-orientable embedded surfaces, we can consider the
invariant A(M, g) defined in Section 3.
Lemma 4.5. The function f(t) = A(M, g(t)) is Lipschitz continuous.
Proof. The proof is analogous to the proof of Lemma 4.1. 
Proposition 4.6. For all 0 ≤ t < T we have
A(M, g(t)) ≥ A(M, g)− 8pit.
Proof. Suppose that Σ ∈ F is such that |Σ|g(t0) = A(M, g(t0)). From Propo-
sition A.1, part (ii), we obtain
d
dt
|Σ|g(t)(t0) = −
∫
Σ
(
R− Ric(ν, ν)
)
dµ
= −2
∫
Σ
K dµ−
∫
Σ
(
Ric(ν, ν) + |A|2
)
dµ
= −2piχ(Σ˜)−
∫
Σ
(
Ric(ν, ν) + |A|2
)
dµ
≥ 4pi(g(Σ˜)− 1)− 4pi(g(Σ˜) + 1)
= −8pi.
Using this calculation and Proposition 3.6, we can argue exactly like in
Proposition 4.2 or in [3, Proposition 10] to achieve the desired result. 
Theorem 4.7. Assume (M, g) has positive Ricci curvature and contains
embedded non-orientable surfaces. If R ≥ 6, then A(M, g) ≤ 2pi.
Proof. Let (g(t))0≤t<T denote a maximal solution of Ricci flow with g(0) = g.
From Proposition 4.6,
A(M, g(t)) ≥ A(M, g)− 8pit.
Reasoning like in the proof of Theorem 4.4 we have
lim
t→T
A(M, gt) = 0.
Therefore A(M, g) ≤ 8piT . But we know from (9) that T ≤ 1/4, hence
A(M, g) ≤ 2pi. 
Remark. Notice that the estimates for the width (Theorem 4.4) and for the
A-invariant (Theorem 4.7), both proved using the Ricci flow, are better than
the basic area estimates for index one and stable minimal surfaces obtained
through the Hersch’s trick (Appendix A).
Let J be the collection of all embedded minimal surfaces Σ ⊂ M with
ind(Σ) ≤ 1.
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Theorem 4.8. Suppose M has positive Ricci curvature and R ≥ 6. Then
there exists an embedded minimal surface Σ, with ind(Σ) ≤ 1, such that
|Σ| ≤ 4pi.
Moreover, we have that
inf
Σ∈J
|Σ| = 4pi
if and only if g has constant sectional curvature one and M = S3.
Proof. Suppose M contains non-orientable embedded surfaces. It follows
from Proposition 3.6 and Theorem 4.7 that there exists an embedded mini-
mal surface Σ ∈ F , with ind(Σ) = 0, and |Σ| ≤ 2pi.
Suppose now that M does not contain non-orientable embedded sur-
faces, and let h be the Heegaard genus of M . Then, (M, g) satisfies the
(?)h-condition and so, by Theorem 3.4, we have the existence of an em-
bedded minimal surface Σ2 ⊂ M with ind(Σ2) = 1 and such that |Σ2| =
W (M,Λh, g). Theorem 4.4 implies |Σ2| ≤ 4pi.
If infΣ∈J |Σ| = 4pi, then it follows from the previous arguments that M
does not contain non-orientable embedded surfaces and W (M,Λh, g) = 4pi.
Hence, by Theorem 4.4, g has constant sectional curvature one and M =
S3. 
Remark. We point out that the surface Σ constructed in Theorem 4.8 can
be chosen to satisfy the genus bound: g(Σ) ≤ h˜.
We now turn to the case in which M is diffeomorphic to the 3-sphere
S3, whose Heegaard genus is zero. In that case we can take Λ0 to be the
smallest saturated set that contains the family {Σt} of level sets of the height
function x4 : S
3 ⊂ R4 → R. We define the width of (S3, g) to be
W (S3, g) = W (S3,Λ0, g).
Theorem 4.9. Assume (S3, g) has no stable embedded minimal spheres. If
R ≥ 6, there exists an embedded minimal sphere Σ, of index one, such that
W (S3, g) = |Σ| = inf
S∈E0
|S| ≤ 4pi.
The equality W (S3, g) = 4pi holds if and only if g has constant sectional
curvature one.
Remark. Theorem 1.1 is an immediate consequence of Theorem 4.9.
Proof. (S3, g) satisfies the (?)0 -condition because the three-sphere contains
no non-orientable embedded surface. Hence Theorem 3.4 implies the exis-
tence of an index one embedded minimal sphere Σ with |Σ| = infS∈E0 |S| =
W (S3, g). From Proposition A.1, part (iii), we have |Σ| ≤ 4pi.
Suppose |Σ| = 4pi. To show that g is Einstein we argue essentially like in
Theorem 4.4.
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Let g(t), t ∈ [0, ε), be a solution of Ricci flow with g(0) = g. The Max-
imum Principle applied to the evolution equation of the scalar curvature
implies
min
M
R(g(t)) ≥ 6
1− 4t .
It follows from Proposition A.1, part (i), that any stable embedded minimal
surface in (M, g(0)) would have to be a sphere with area at most 4pi3 . Hence
(M, g(0)) does not contain stable embedded minimal surfaces and so, by
Proposition B.1 in the Appendix, (M, g(t)) contains no stable embedded
minimal surface provided we choose ε small enough. Therefore Proposition
4.2 implies that W (M, g(t)) ≥ 4pi(1 − 4t). We know from Theorem 3.4
that W (M, g(t)) is the area of an index one embedded minimal sphere in
(M, g(t)) and thus Proposition A.1, part (iii), implies that
min
M
R(g(t)) ≤ 6
1− 4t .
Therefore
min
M
R(g(t)) =
6
1− 4t
and the maximum principle tells us that g is Einstein. Since the dimension
is three, g has constant sectional curvature one. 
Theorem 4.10. Let g be a metric on S3 with scalar curvature R ≥ 6.
If g does not have constant sectional curvature one, then there exists an
embedded minimal sphere Σ, of index zero or one, with |Σ| < 4pi.
Proof. If (S3, g) contains a stable embedded minimal sphere Σ, then |Σ| ≤ 4pi3
by Proposition A.1, part (i). If not, W (M) < 4pi by Theorem 4.9 and the
corollary follows from Theorem 3.4. 
Appendix A. Area estimates
If Σ is non-orientable, we denote by Σ˜ the orientable double cover of Σ.
The next proposition collects some basic estimates for minimal surfaces of
index less than or equal to one. These estimates are based on the so called
Hersch’s trick which has been used, among other places, in [3, 4, 9, 12, 32,
33, 46, 47].
Proposition A.1. Assume the scalar curvature of M satisfies R ≥ k0 > 0.
Let Σ be an embedded minimal surface of genus g(Σ).
(i) If Σ is stable and orientable then it is a sphere with k0|Σ| ≤ 8pi.
Equality implies that R = k0 on Σ.
(ii) If Σ is stable and non-orientable then∫
Σ
Ric(ν, ν) + |A|2 dµ ≤ 4pi(g(Σ˜) + 1)
and
k0|Σ| ≤ 12pi + 4pig(Σ˜).
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(iii) If Σ is index one and orientable then∫
Σ
Ric(ν, ν) + |A|2 dµ ≤ 8pi
([
g(Σ) + 1
2
]
+ 1
)
and
k0|Σ| ≤ 24pi + 16pi
(
g(Σ)
2
−
[
g(Σ)
2
])
,
where [x] denotes the integer part of x.
Proof. The statement (i) was proven in [4] (see identity (4)).
The first inequality in (ii) follows from Lemma 2 and identity (2’) of [33].
The second inequality is a consequence of the Gauss equation:
k0
2
|Σ| ≤
∫
Σ
R
2
dµ =
∫
Σ
(
Ric(ν, ν) +
|A|2
2
+K
)
dµ
≤
∫
Σ
(
Ric(ν, ν) + |A|2
)
dµ+ 2pi(1− g(Σ˜))
≤ 6pi + 2pig(Σ˜).
If Σ is orientable of index one, then∫
Σ
(
Ric(ν, ν) + |A|2
)
dµ ≤ 8pideg(φ),
where φ : Σ −→ S2 is a conformal map (see page 127 of [47]). Since we can
choose φ satisfying
deg(φ) ≤
[
g(Σ) + 1
2
]
+ 1,
as in page 299 of [32], the first inequality in (iii) follows. The last inequality
again follows from the Gauss equation:
k0
2
|Σ| ≤
∫
Σ
R
2
dµ ≤
∫
Σ
(
Ric(ν, ν) +
|A|2
2
+K
)
dµ
≤ 8pi
([
g(Σ) + 1
2
]
+ 1
)
+ 4pi(1− g(Σ))
= 12pi + 8pi
(
g(Σ)
2
−
[
g(Σ)
2
])
.

Appendix B. Compactness
For completeness we include the proof of a well known result among the
specialists.
Proposition B.1. Suppose (M, g) is a compact Riemannian 3-manifold
that contains no stable embedded minimal surfaces. Given a constant C > 0,
there exists a C3,α neighborhood U of g so that every metric g′ in U contains
no stable embedded minimal surface of area smaller than C.
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Proof. We start by arguing that M contains no non-orientable embedded
surface. From [27, Lemma 1] we have that non-orientable surfaces can not
have arbitrarily small area and thus we can minimize area in their isotopy
class [27, Theorem 1] to obtain a stable embedded minimal surface, a con-
tradiction.
Assume gi is a sequence of metrics converging in C
3,α to g with Σi a se-
quence of connected stable embedded minimal surfaces in (M, gi) with area
smaller than C. From Schoen’s curvature estimate for stable surfaces [36,
Theorem 3] we have that the second fundamental form of Σi is uniformly
bounded and so, because their area is bounded, we obtain a uniform genus
bound for all Σi. Standard compactness arguments imply that, after passing
to a subsequence, Σi converges to a smooth minimal surface Σ (with multi-
plicity m) which is embedded by the maximum principle. Furthermore (for
instance [43, Lemma 1] or [31, Theorem 4.2.1]), there is r0 small so that, for
all i sufficiently large and all x ∈ Σ, we have
(10) Σi∩Br0/2(x) ⊂
m⋃
j=1
{
expy(f
i
j(y)ν(y)) | y ∈ Σ ∩Br0(x)
} ⊂ Σi∩B2r0(x),
where ν is a unit normal vector field in Σ computed with respect to g, expx
is the exponential map at x for the metric g, and the C2,α-norm of each f ij
tends to zero when i tends to infinity.
Consider the continuous sections Xi, Yi of the normal bundle of Σ given
by
Xi(x) = max
j∈{1,...,n}
{f ij(x)}ν(x), Y i(x) = min
j∈{1,...,n}
{f ij(x)}ν(x).
The fact that Σi is embedded implies that, for all i sufficiently large,
there is εi > 0 so that |f ji (x) − fkj (x)| > εi for all x ∈ Σ and all j 6= k in
{1, · · · ,m} which means Xi, Yi are smooths sections of the normal bundle.
Because this bundle is trivial there are smooth functions ai, bi defined on
Σ so that Xi = aiν, Yi = biν. Thus, from (10), we obtain that m = 1
because otherwise Σi would have at least two distinct connected components.
Therefore Σi converges in C
2,α to Σ and so Σ must be stable as well. This
proves the lemma. 
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